Box 1

Three Species of Number

Let's play a game! One player will geo-
metrically construct two lengths by what-
ever means he chooses. Can the other
player always determine how the lengths
were created? In fact, can he ever? Maybe
thisis not a game worth playing!

A firgt hypothesis would be that the
constructor took acertain length, and sm-
ply made two lines by replicating his
length a whole number of times: for
example, using — as our basic unit, we
could create lengths by adding thislineto
itsdlf, perhaps creating
and
with the unit. These two lines have what
the Pythagoreans called a rationa rela
tionship between themselves, expressed
as the ratio 4-to-5, 4:5, or the familiar
fraction 4/5. But how can we find the unit
if thelines are not marked off already?An
algorithm that will find the common line
that made the two (if one exists!), oper-
ates by measuring the larger with the
smaller and then using the remainder to
attempt to measure the smdler origina
length:

For example, if we were the second
player and were given the lengths:

We could measure the larger by the
smdler:

- |— — — —

Which leaves a small remainder left
over:

Which can be used to measure the
smadller origina line:

Now theline on theright hasaremain-
der aswdl:

Now, measure again, this time meas-
uring the left remainder with the right:

SR

We now have a remainder on the left
that can measure the remainder on the

Ahal Now all lines are accounted for
and expressible, since they can be built up
starting from this smallest unit magni-
tude. Try it with afriend!

Now, will it dways happen that this
technique succeeds? What if two magni-
tudes had no common, literad measure,
and we could never find the common
unit?

Take the case of the side of a square
(PQ) and itsdiagonal (PR) (Figure 1). As
Plato’s Meno dialogue indicates, the diag-
ond is the solution for the creation of the
doubled square, as the solution to a prob-
lem regarding area, not length. Here, the
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diagonal was not created by the smple
addition of lines. The same technique of
exhaustion applied above tekes a new
geometrical form with this example,
which you should work through with a
square cut out of paper.

Fold down the top line PQ onto the
diagond PR (Figure 2). Q will reech T
and you will have afold on your paper of
PV. Looking a PTR, thisis similar to the
method with the lines above. We have cut
line PT (of length PQ) out of hypotenuse
PR, leaving behind remainder TR. But
now something remarkable has hap-
pened. Since TV (and TR) are the same as
QV in the construction, and the sides of a
square are equal, QR—QV is the same as
PQ—-TR, where TR is the remainder
PR—PQ. This is analogous to measuring
7 with 4 above. But, look! The small
remainder triangle VTR has exactly the
same relationships as the original triangle
PQR, so this process will never end!
What does this imply? How small is our
final, smallest unit, if it indeed exists?

Let'stry again! What if we had found
acommon unit, what kind of ratio would
the two lengths have? Well, if each length
is made of a number of the unit, then it
either could or could not be evenly divid-
ed in haf producing whole units (it is
either odd or even). Now if PR were odd,
then the sguare that it makes would be
made of an odd number of little unit
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FIGURE 3

A sgquare that is odd on each of its Sides
can be thought of as an even square with
an L-shaped gnomon added to it. That
gnomon is two even lines, with one square
left over. That leftover square means that
the entire odd-side square has an odd
number of unit areas.

squares, but PR was supposed to make a
sguare twice as big as PQ, and an odd
number certainly isn't twice asbig as any-
thing, for odd means that it cannot be
evenly divided in two (Figure 3)!

So, PR must be even in order to be
twice the PQ square. Now if PQ were
aso even, it would mean that we got car-
ried away in making our small unit, for a
ratio of two even numbers is also aratio
with an odd number. For example, 2-to-3
could be 4-to-6 if you redly wanted to
cal it that, just like one half isthe same as
two quarters. The only conclusion left is
that PR is even, while PQ is odd, which
makes the PQ sguare also have an odd
number of smal unit area squares. But
wait, PR is even, which makes the PR
square divisible thisway (Figure 4):

Half the area of PRis even, but the PQ
sguare, which is supposed to be haf the
PR square, is odd! We have failed again,
and that wasthe last possibility. What does
this mean? Isthere really no possibility of
acommon unit? Then how can we express
the relationship between these lengths?

Thisis an irrational relationship: The
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side PQ and the diagona PR of a square
cannot both be expressed as aratio count-
able by acommon unit. But theinability to
express amaghitude does not mean either
that it is unknowable or unconstructable.
Theaetetus recounts, in Plato's
Theaetetus dialogue, his concept of an
entire class of such magnitudes: those that
correspond to the sides of sguares of
commensurable areas, and to the sides of
cubes of commensurable volumes. It
should come to no surprise that the power
to double a sguare or a cube, being of a
higher power than that of doubling the
line, isinexpressible in terms of lines.

The Transcendental Species

Beyond these two species, the rationa
and the irrational, exists the transcenden-
tal. Nicholas of Cusa’s discussion of the
quadrature of the circle (the exact meas-
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urement of the circumference of a circle
interms of its diameter) demonstratesthis
impossibility (Figure 5).

The atempt to approximate a circle by
polygons of ever-increasing sdes fals.
Even a an astronomica number of sdeson
the polygon, each tiny Sde remains straight
while the circle is curved in that interval.
The failure of this gpproach demonstrates
negatively that the circleis of ahigher, tran-
scendental species-typethan thelinesof the
polygons with which we are attempting to
reach it. It can be grasped only with ahigh-
er power, which Cusa named the isoperi-
metric (“Minimum-Maximum”) principle.

The Kepler problem, arising as a dis-
tinction between irrationals and transcen-
dentals, was a commission to future
thinkers to develop a physical mathemat-
icsbased on power as primary, rather than
the non-physica hoax, which is only
capable of expressing the effects of a
power by the imagery of the tracks it
leavesin its wake.

Riemann’s surface functions, as € abo-
rated in such locations as his Theory of
Abelian Functions, more fully revesls the
geometric implication of the existence of
circular functions, which are infinitely
powerful from the standpoint of the alge-
braic irrationals, and of forms of tran-
scendentals of powers grester yet than the
circular.

—Jason Ross
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